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1 Introduction
Two-dimensional nonlinear sigma models (NLSMs) with N = (2, 2) supersymmetry are an
essential tool in string theory. When the b-field is a closed two-form, H = db = 0, they
describe strings propagating on Ka¨hler backgrounds. For H not necessarily zero, they de-
scribe strings propagating on generalized Ka¨hler manifolds, the most general target space
of N = (2, 2) NLSMs [1]. Due to their nonlinear character, the nonperturbative quantum
properties of NLSMs can be difficult to untangle, even with a large amount of supersym-
metry. An approach that has proven to be extremely successful is to realize NLSMs as
– 1 –
J
H
E
P
0
9
(
2
0
1
5
)
2
0
7
gauged linear sigma models (GLSMs) in the UV [2]. Although much is understood about
the gauge theory description of NLSMs on Ka¨hler manifolds, much less is known about
generalized Ka¨hler manifolds.
In this paper we describe certain GLSMs with off-shell N = (2, 2) supersymmetry
realizing NLSMs on noncompact generalized Ka¨hler manifolds. These models arise from
coupling semichiral multiplets to known as well as to new N = (2, 2) vector multiplets which
we describe here. The generalized Ka¨hler structure is controlled by a set of continuous
parameters, and only for a special value of such parameters it becomes Ka¨hler.
Previous work on GLSMs for semichiral fields includes [3, 4]; more general couplings
of gauge fields to semichiral fields were discussed in [5–9]. The gauging of sigma models
with a Wess-Zumino term was studied in [10, 11]. The case with on-shell N = (2, 2)
supersymmetry was studied in [12]. For N = (0, 2) GLSMs with torsion see [4, 13–18].
Let us briefly review some relevant aspects of generalized Ka¨hler geometry. A gener-
alized Ka¨hler structure on a manifold M consists of the triplet (g, J±, H), where g is a
Riemannian metric, J± are two integrable complex structures, and H is a closed three-
form (which locally can be written as H = db). The complex structures are covariantly
conserved, i.e., ∇±J± = 0 with respect to a connection with torsion ∇± = ∇0 ± 12g−1H,
where ∇0 is the Levi-Civita connection. The presence of torsion implies that the geometry
is generically not Ka¨hler: the forms ω± = gJ± are not closed. This structure was originally
discovered in the context of nonlinear sigma models in [1], where it was called bihermitian
geometry. More recently, it was reformulated as the analogue of Ka¨hler geometry in the
context of generalized complex geometry [19, 20]. For introductory lectures on generalized
complex geometry and its relation to supersymmetry, see for instance [21, 22]. For a review
of generalized Ka¨hler geometry and general N = (2, 2) NLSMs see [23].
As shown in [23–25], one may always choose (locally) coordinates in the generalized
Ka¨hler manifold M which are adapted to the decomposition of T ∗M = ker(J+ − J−) ⊕
ker(J+ + J−) ⊕ coim[J+, J−]. In terms of the N = (2, 2) sigma model, each of these
directions is parametrized by different multiplets: chiral (Φ), twisted chiral (χ), left and
right semichiral (XL,XR), respectively. As in Ka¨hler geometry, the geometric data is locally
encoded by a single scalar function K, the generalized Ka¨hler potential, which serves as
the action of the NLSM in N = (2, 2) superspace [26]:
L =
∫
d4θK(Φ, Φ¯;χ, χ¯;XL, X¯L,XR, X¯R) , (1.1)
where d4θ = dθ+dθ−dθ¯+dθ¯− is the usual Grassmann measure. Apart from certain inequal-
ities that guarantee the target metric is positive definite, K is arbitrary. If K depends
only on chiral (or only twisted chiral) fields, the target geometry is necessarily Ka¨hler. If it
depends on semichiral fields, or both chiral and twisted chiral fields, the target manifoldM
typically has torsion. The GLSMs we discuss here are described, at low energies, by a NLSM
with an action of the form (1.1) which generically contains all three kinds of multiplets.
As we shall discuss, the number of each kind of multiplet depends on the specific model.
One may distinguish different classes of GLSMs depending on how the gauge symmetry
acts and correspondingly, which vector multiplet couples to the model: (i) chiral(twisted
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chiral) and semichiral fields can be coupled to the standard(twisted) vector multiplets, re-
spectively; (ii) semichiral fields can be coupled to the semichiral vector multiplet (SVM);
and (iii) semichiral fields can be coupled to a new kind of vector multiplet, the constrained
semichiral vector multiplet (CSVM).1 As we shall see, in all these cases, the gauge theories
are continuous deformations of standard gauge theories realizing NLSMs on noncompact
Ka¨hler manifolds. The deformations are controlled by a set of continuous parameters βi
which determine (among other couplings) a gauged b-field term in the action. The defor-
mations typically break rigid flavor symmetries but preserve R-symmetry at the quantum
level. We study the classical moduli space of these theories and show that they lead to a
family of generalized Ka¨hler structures on the Higgs branch. Class (i) leads generically to
deformations of Ka¨hler manifolds, class (ii) leads to deformations of hyperka¨hler manifolds,
and class (iii) leads to deformations of GLSMs realizing Calabi-Yau manifolds. Our anal-
ysis of the target space geometry is carried out only in the UV — an important question
is what is the behavior of these theories in the deep IR, but we do not address this here.
The GLSMs studied here provide a useful method to study explicit generalized Ka¨hler
metrics. In section 5 we discuss a particular example in class (iii) which describes a family
of generalized Ka¨hler structures on the resolved conifold. Although our main focus in this
paper are geometries with torsion, the generalized Ka¨hler description of a manifold is useful
even in the absence of torsion. For instance, any hyperka¨hler manifold admits a description
in terms of semichiral fields [23] and the generalized potential gives not only the metric
and (closed) b-field, but also all three anticommuting complex structures. See [9, 28] for
the semichiral description of gravitational instantons.
In recent years, the application of supersymmetric localization techniques [29–31] to
the two dimensional case [32, 33] has shed new light into standard N = (2, 2) GLSMs
and their relation to various aspects of Ka¨hler geometry, e.g. the works [34–37]. The
supersymmetric localization on S2 of the GLSMs described here is studied in [38].
This paper is organized as follows. In section 2 we review some background material.
In section 3 we introduce the constrained semichiral vector multiplet and its coupling to
semichiral matter. In section 4 we discuss the low energy behavior of various GLSMs for
semichiral fields and the generalized Ka¨hler structure on the moduli space. In section 5 we
give an explicit example; the conifold with torsion and finally in section 6 we discuss open
questions and future work.
2 Background
2.1 N = (2, 2) SUSY and matter multiplets
We begin by reviewing some basic elements of 2d N = (2, 2) supersymmetry in flat space
with Lorentzian signature. The algebra of N = (2, 2) spinor derivatives is
{D±, D¯±} = 2i ∂±± , (2.1)
1One can also consider models involving gauge symmetries that act on chiral and twisted chiral fields
simultaneously; these involve the Large Vector Multiplet [5, 8, 27] and are not discussed here.
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with all other anticommutators vanishing. These anticommute with the supersymmetry
generators Q±, Q¯±.
A chiral multiplet Φ and a twisted chiral multiplet χ are defined by the supersymmetric
constraints
D¯+Φ = D¯−Φ = 0 , D¯+χ = D−χ = 0 , (2.2)
as well as their dual complex linear and twisted linear superfields [39, 40] (Ξ and Ξ˜, re-
spectively)
D¯+D¯−Ξ = D+D−Ξ¯ = 0 , D¯+D−Ξ˜ = D+D¯− ¯˜Ξ = 0 . (2.3)
These multiplets are well known and have been thoroughly studied; semichiral multi-
plets [26], however, less so. They come in two types, left and right, and are defined by the
constraints
D¯+XL = D+X¯L = 0 , D¯−XR = D−X¯R = 0 . (2.4)
The field content of a single left or right semichiral multiplet is (3 scalars, 4 Weyl fermions,
1 chiral vector), where all fields are complex (see appendix C.3 for definitions). As discussed
below, we are interested in models containing pairs (XL,XR) of left and right semichiral
fields. Together, these combine into the field content
(XL,XR) : (2 scalars, 4 Weyl fermions︸ ︷︷ ︸
physical
)⊕ (4 scalars, 1 vector, 4 Weyl fermions)︸ ︷︷ ︸
auxiliary
.
R-symmetry plays an important role in N = (2, 2) theories. Classically, there is a
U(1)V ×U(1)A R-symmetry, acting on the superspace coordinates by
U(1)V : θ
± → eiαθ± , U(1)A : θ± → e∓iβθ± ,
and on superfields as:
U(1)V : X(x±, θ±, θ¯±)→ eiqV αX(x±, eiαθ±, e−iαθ¯±) ,
U(1)A : X(x±, θ±, θ¯±)→ eiqAβ X(x±, e∓iβθ±, e±iβ θ¯±) ,
where qV,A are the corresponding R-charges of the lowest component of the multiplet. The
R-charge of the component fields is easily found from the definitions in appendix C.3.
2.2 Linear sigma models
We now discuss dynamics. Consider the simplest class of sigma models; linear sigma mod-
els. Already at this level models with semichiral fields exhibit some important differences
with models for chiral or twisted chiral fields. In some respects semichiral models are
more restricted, but in other respects they are less restricted. Consider first a single left
semichiral field. A kinetic action would naturally be given by [26]∫
d4θ X¯LXL . (2.5)
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However, it is easy to see that this action leads to linear kinetic terms rather than quadratic.
The equations of motion for the components fields2 set M−+ = M¯−+ = ψl+ = ψ¯l+ = 0 and
∂++XL = ∂++X¯L = ∂++M−− = ∂++M¯−− = 0 ,
∂++ψ
l
− = ∂++ψ¯
l
− = ∂++χ
l
− = ∂++χ¯
l
− = 0 ,
which describe two left-moving bosonic and two left-moving fermionic modes (of course,
the analogous statement holds for a single right semichiral field). Although interesting,
here we will focus on standard sigma models and do not discuss these models further.
To obtain a sigma model with standard kinetic terms one must consider an equal
number of left and right semichiral fields, with couplings between them. For a single left
and right semichiral field the most general linear model one can write is
Lmatter =
∫
d4θ
[
a X¯LXL + b X¯RXR + (c X¯LXR + c.c.) + (dXLXR + c.c.)
]
, (2.6)
where a, b are real and c, d are complex parameters. As long as c and d are not both
zero, one obtains standard kinetic terms [26]. Though a, b 6= 0 can be scaled to ±1, the
parameters c/
√
ab and d/
√
ab cannot be absorbed by field redefinitions. The requirement of
a positive definite kinetic term imposes minor conditions on the signs of a, b and the range
of the remaining parameters. Thus even for flat space, the action depends on nontrivial
parameters; their significance is that they determine a choice of complex structures J± on
the space (see A.6 for explicit expressions).
Semichiral models typically have fewer (rigid) flavor symmetries than models for chiral
fields. For instance, for c, d 6= 0, (2.6) has no U(1) isometries (although there are shift
isometries). In the special case c = 0 there is a U(1) isometry acting by
XL → eiqλXL , XR → e−iqλXR , (2.7)
where λ is a real parameter. In the special case d = 0 there is a U(1) isometry acting by
XL → eiqλXL , XR → eiqλXR . (2.8)
More generally, if (XL,XR) are valued in the Lie algebra of a group G, one can write a linear
sigma model with an isometry if they are either in a representation (R, R¯) or (R,R) of G.
Since we are interested in models with isometries, we will consider models in which
either c = 0 or d = 0. In fact, these two cases are equivalent due to semichiral-semichiral
duality [41].
Semichiral-semichiral duality. In general, T-dualities change the target space geom-
etry, but there are other kinds of dualities that amount to nothing more than a change
of coordinates. The oldest example is the duality between chiral and complex linear su-
perfields [40]; another is a duality that relates semichiral superfields to themselves [41].
2We denote the N = 0 components of a left semichiral multiplet by (XL, FL,M−+, ψl±, χ¯l−, η¯l−,M−−)
and their conjugates, and for right semichiral multiplet by (XR, FR,M+−, ψr±, χ¯
r
+, η¯
r
+,M++) and their
conjugates. See appendix C.3 for definitions.
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Both of these have the property that they change the gauge charge Q of the dualized mul-
tiplet to −Q. Starting with a model (2.6) with c = 0, one may dualize XR by relaxing
the semichiral condition and imposing it by a right-semichiral Lagrange multiplier term
X˜RXR + c.c. where X˜R is a right semichiral Lagrange multiplier field. Integrating out X˜R
leads to the original model, while integrating out XR we find a model with d˜ = 0 and
a˜ = a− |d|2/b, b˜ = −1/b, c˜ = d¯/b.
We stress that this duality does not change the geometry since it is simply a change of
coordinates, and hence we call this a coordinate duality. Thus, without loss of generality
one may consider models where all pairs of semichiral fields (XiL,XiR) have charges either
(Qi,−Qi) or (Qi, Qi). Depending on the type of computation, one or the other choice may
be more convenient; in this paper we mostly make the former.
Finally, we note that traditional superpotential terms for semichiral fields are not
allowed; a term of the form
∫
d2θf(XL,XR) breaks N = (2, 2) supersymmetry.
2.3 Gauging and vector multiplets
We now discuss the supersymmetric gauging of these models; this is where semichiral
models are less restricted than chiral models. For simplicity we describe the Abelian case
(see appendix B for a review of the nonabelian case).
To gauge an isometry while preserving supersymmetry, one promotes the rigid sym-
metry parameter λ to a superfield which is compatible with the supersymmetric constraint
on the fields the isometry acts on. To ensure the invariance of Lagrangians such as the
ones just discussed under the local transformations, one introduces an appropriate vector
multiplet.
2.3.1 Vector and twisted vector multiplets
If the isometry acts on chiral and semichiral fields, the symmetry parameter λ is promoted
to a chiral superfield Λ. The corresponding vector multiplet is the standard multiplet V
with gauge transformation δgV = i(Λ¯− Λ). The gauge-invariant field strength is given by
Σ = i D¯+D−V (2.9)
and is twisted chiral. The kinetic action for the vector is given by
LΣ = − 1
2e2
∫
d4θ Σ¯Σ . (2.10)
A unitary gauge on the Higgs branch is found by setting a chiral matter field to its
nonzero VEV.
If the isometry acts on twisted chiral and semichiral fields, λ is promoted to a twisted
chiral superfield Λ˜. The corresponding vector multiplet is the twisted vector V˜ with gauge
transformation δgV˜ = i(
¯˜Λ− Λ˜). In this case the gauge-invariant field strength is given by
Θ = i D¯+D¯−V˜ , (2.11)
which is chiral, and the kinetic action is
LΘ = 1
2e2
∫
d4θ Θ¯Θ . (2.12)
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D+ D− D¯+ D¯− F F˜
qV −1 −1 1 1 2 0
qA 1 −1 −1 1 0 −2
Table 1. Axial and vector R-charges of fermionic derivatives and field strengths in the SVM.
In this case, a unitary gauge on the Higgs branch is found by setting a twisted chiral matter
field to its nonzero VEV.
2.3.2 Semichiral vector multiplet
Finally, if the isometry acts only on semichiral fields one may promote λ to a pair of left
and right semichiral gauge parameters:
XL → eiQLΛLXL , XR → eiQRΛRXR . (2.13)
The corresponding vector multiplet is the Semichiral Vector Multiplet (SVM) [5, 8]. The
SVM is defined by (VL, VR,V, V˜), with gauge transformations
δVL = i(Λ¯L−ΛL) , δVR = i(Λ¯R−ΛR) , iδV = i(ΛL−ΛR) , iδV˜ = i(ΛL−Λ¯R) ; (2.14)
here VL,R are real but V and V˜ are complex. These vector multiplets are not completely
independent, but satisfy the (gauge-invariant) relations
− 1
2
V ′ ≡ Re V˜ = ReV , VR = i (V−V˜) = i ( ˜¯V−V¯) , VL = i ( ˜¯V−V) = i (V¯−V˜) . (2.15)
There are two field strengths which are invariant under the full gauge symmetry (2.14):
F˜ ≡ D¯+D−V˜ , F ≡ D¯+D¯−V ; (2.16)
these are twisted chiral and chiral, respectively. The kinetic action for the SVM is given by
LSVM = − 1
2e2
∫
d4θ
(
¯˜FF˜− F¯F
)
. (2.17)
The R-charges of F, F˜ follow from the definitions (2.16) and for reference are given in table 1.
Possible Fayet-Iliopoulos (FI) terms are
LFI =
(
i t
∫
d2θ˜ F˜+ c.c.
)
+
(
i s
∫
d2θ F+ c.c.
)
, (2.18)
where d2θ = dθ+dθ−, d2θ˜ = dθ¯−dθ+ and s, t are complex parameters. These terms are
compatible with R-symmetry. From the definitions (2.16), they can also be written as the
D-term3 i
∫
d4θ(tV˜+ sV) + c.c..
When the isometry acts as in (2.7), the gauge-invariant matter Lagrangian is given by
Lmatter = +
∫
d4θ
[
X¯LeQVLXL + X¯Re−QVRXR + β (XLe−iQVXR + c.c.)
]
, (2.19)
3Here we have dropped the topological term ∼ Im(s− t)F01 which should be included.
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where we have rescaled the fields in (2.6) to set |a| = |b| = 1 and by a further field
redefinition we take d = β real and non-negative. Finally, the requirement of a positive
definite kinetic term imposes a = b = 1 and β > 1.
Similarly, when the isometry acts as in (2.8) the gauge-invariant matter Lagrangian is
given by
L˜matter = −
∫
d4θ
[
X¯LeQVLXL + X¯ReQVRXR + α (X¯LeiQ
¯˜VXR + c.c.)
]
, (2.20)
where α > 1 for a positive definite metric. In both cases, a unitary gauge on the Higgs
branch is found by setting a semichiral pair XL,XR to its nonzero VEV.
3 New GLSMs for semichiral fields
In this section we introduce a new vector multiplet that couples to semichiral fields and
discuss various aspects of GLSMs including R-symmetry and twisted masses.
3.1 Constrained SVM
We introduce a new constrained semichiral vector multiplet or CSVM. As reviewed in
section 2, in the SVM there are two field strengths: F and F˜, chiral and twisted chiral,
respectively. The CSVM is obtained by constraining one of these field strengths (but not
both) to vanish:
F = 0 or F˜ = 0 . (3.1)
After a partial gauge-fixing, the first constraint reduces the SVM to the usual vector
multiplet, while the second one reduces it to the twisted vector multiplet; however, the
CSVM couples naturally to semichiral fields — its gauge parameters are semichiral and a
unitary gauge on the Higgs branch is still found by setting a semichiral pair XL,XR to its
nonzero VEV. As we discuss below, one may also constrain either of the fields strengths to
be a non-zero constant, which is a way to introduce twisted masses.
We first consider the case F = 0, which we impose by a chiral Lagrange multiplier Φ:
LCSVM = − 1
2e2
∫
d4θ
(
¯˜FF˜− F¯F
)
+
(
i
∫
d2θΦF+ c.c.
)
. (3.2)
We wish to understand how the semichiral gauge parameters in (2.14) are restricted to
chiral parameters when we impose F = 0; the constraint implies (locally) that V is pure
gauge, i.e.,
iV = i(ΛL − ΛR) . (3.3)
This is invariant under a restricted gauge transformation δc with parameters
ΛcL = Λ
c
R ≡ Λ ⇒ Λ chiral . (3.4)
Thus, there is a residual gauge symmetry associated to gauge transformations with a chiral
parameter. From (2.14) we have
− iδc V˜ = i(Λ¯− Λ) , (3.5)
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which is the gauge transformation for the usual vector multiplet. Now, because V is pure
gauge, we can set V = 0 and using (2.15) we have
VL = VR = −i V˜ = i ¯˜V ≡ V , (3.6)
where we have introduced the real field V , which from (3.5) transforms under the residual
symmetry as δcV = i(Λ¯ − Λ), so it is naturally identified with the usual vector mul-
tiplet. Furthermore, from the definition (2.16) and (3.6), one sees that F˜ = i D¯+D−V
coincides with the usual field strength (2.9) and the action (2.17) reduces to the standard
action (2.10). Thus, we have shown that imposing the constraint F = 0 on the SVM effec-
tively reduces it to the usual vector multiplet after partial gauge-fixing. At this point, one
could simply talk about the usual vector multiplet rather than the CSVM. However, the
CSVM description is particularly useful when coupling to matter fields, as we discuss below.
One may instead constrain the twisted chiral field strength F˜ to vanish by introducing
a twisted chiral Lagrange multiplier χ:
i
∫
d2θ˜ χ F˜+ c.c. . (3.7)
The equation of motion for χ imposes F˜ = 0, or
iV˜ = i(ΛL − Λ¯R) , (3.8)
which is invariant under the residual gauge transformation δtc with parameters
ΛtcL = Λ¯
tc
R ≡ Λ˜ ⇒ Λ˜ twisted chiral . (3.9)
This remaining gauge invariance is gauged by the twisted vector multiplet V˜ = −iV
with gauge transformation δtcV˜ = i(
¯˜Λ − Λ˜). With this constraint F becomes the field
strength (2.11) and the action (2.17) reduces to (2.12).
Thus, we have shown that the Abelian SVM can be constrained to effectively be-
come either the usual vector or the twisted vector multiplet.4 As we discuss below, this
perspective is useful to study the coupling of semichiral fields to the various vector mul-
tiplets, introduce twisted masses, and describe the target space geometry compactly by a
generalized potential in N = (2, 2) superspace.
3.2 Coupling to matter
Here we discuss the coupling of the CSVM to semichiral matter multiplets. Consider a
pair of semichiral fields with opposite charges, coupled to the SVM constrained by F = 0:
L = − 1
2e2
∫
d4θ
(
¯˜FF˜− F¯F
)
+
(
i
∫
d2θΦF+ c.c.
)
+
(
i t
∫
d2θ˜ F˜+ c.c.
)
+
∫
d4θ
[
X¯LeQVLXL + X¯Re−QVRXR + β (XLe−iQVXR + c.c.)
]
, (3.10)
4In addition to the SVM, there is another novel vector multiplet, the LVM (Large Vector Multiplet),
which couples to chiral and twisted chiral fields simultaneously [5, 8]. One might wonder if it can be
constrained as well; it seems unlikely, however, as the gauge parameters of the LVM are chiral and twisted
chiral, and one cannot make a consistent off-shell constraint relating them.
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where t is an FI parameter (the parameter s in (2.18) can be set to zero by a shift in Φ).
As discussed, the equation of motion for Φ sets F = 0. Choosing the gauge V = 0 and
using (3.6), the action becomes
L =
∫
d4θ
[
− 1
2e2
Σ¯Σ + X¯LeQV XL+X¯Re−QV XR+β(XLXR + c.c.)
]
+
(
i t
∫
d2θ˜Σ + c.c.
)
,
(3.11)
which is invariant under the residual, chiral, gauge symmetry
δV = i(Λ¯− Λ) , XL → eiQΛXL , XR → e−iQΛXR . (3.12)
Thus, the model (3.10) effectively reduces to a gauge theory of semichiral fields coupled to
the usual vector multiplet.
Coupling semichiral fields to the SVM constrained by F˜ = 0 is similar: one finds
L =
∫
d4θ
[
1
2e2
Θ¯Θ + X¯LeQV˜ XL+X¯ReQV˜ XR+β(XLeQV˜ XR + c.c.)
]
+
(
i s
∫
d2θΘ + c.c.
)
,
(3.13)
where s is an FI parameter. This is invariant under the residual, twisted chiral, gauge
symmetry
δV˜ = i( ¯˜Λ− Λ˜) , XL → eiQΛ˜XL , XR → e−iQ
¯˜ΛXR . (3.14)
Thus, the gauge theory with matter effectively reduces to a gauge theory of semichiral
fields coupled to the twisted vector multiplet. The same analysis can be repeated for the
case of opposite charges.
Since by constraining F = 0 we arrive at a usual vector multiplet, one might wonder
if the CSVM can couple to ordinary chiral matter; however, since the original coupling
involves semichiral gauge parameters, this is not possible. Of course, when the model
includes charged chiral fields, one can directly introduce a standard vector multiplet and
add to (3.11) the kinetic terms for the chiral fields:∫
d4θ Φ¯aeqaV Φa . (3.15)
The corresponding statement holds for the CSVM with F˜ = 0 and the addition of charged
twisted chiral fields.
Multiflavor case. The generalization to the multiflavor case is straightforward. Consider
Ns pairs of semichiral fields (XiL,XiR), i = 1, . . . , Ns, charged under a single single U(1). If
we take the left and right semichiral field in each pair to have opposite charges the action is
L = − 1
2e2
∫
d4θ
(
¯˜FF˜− F¯F
)
+
(
i
∫
d2θΦF+ c.c.
)
+
∫
d4θ
[
X¯iLeQiVLXiL + X¯iRe−QiVRXiR + βi (XiLe−iQiVXiR + c.c.)
]
, (3.16)
where βi > 1. Integrating out Φ and using (3.6) we have
L =
∫
d4θ
[
− 1
2e2
Σ¯Σ + X¯iLeQiV XiL + X¯iRe−QiV XiR + βi (XiLXiR + c.c.)
]
. (3.17)
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Diagonalizing the semichiral GLSM Lagrangian. More generally, for compatible
charges, we could consider various kinds of flavor mixing terms. However, it is straight-
forward to show that we can eliminate them by a combination of field redefinitions and
coordinate dualities of the type described at the end of section 2; the argument is as follows:
first, note that the only flavors that can interact (other than through gauge-interactions)
are fields with the same or opposite charges. So without loss of generality, we can restrict
our attention to a block with charges ±Q. We distinguish the hermitian terms of type
a, b in (2.6) and the complex terms of type c, d, where now a, b are nondegenerate Hermi-
tian matrices obeying certain positivity conditions and c, d are complex matrices obeying
a certain nondegeneracy condition. The a, b, c matrices are further block-diagonal with
separate blocks that do not mix fields with charges +Q and −Q, whereas, the d matrix is
block off-diagonal, with entries only for fields with opposite charges. We use the coordinate
dualities to ensure that all the left semichiral fields XL have charge +Q and all the right
semichiral fields XR have charge −Q; then c = 0 and d is nondegenerate. At this stage, it
is easy to state the positivity condition on a, b: they have only positive eigenvalues. Next,
we temporarily absorb d into a redefinition of XL; Now we can transform XL → XLM
and XR → M−1XR for an arbitrary invertible matrix M ; this allows us to transform a
into the identity matrix (recall that we have assumed its eigenvalues are positive). So for
the moment we have a = d = I. This is preserved by arbitrary unitary transformations
XL → XLU and XR → U−1XR, which allow us to diagonalize the Hermitian matrix b;
finally we rescale the right semichiral fields XR to set b = I; now d is a positive diagonal
matrix; definiteness of the metric requires that all its eigenvalues βi > 1.
For generic finite values of the parameters βi the rigid flavor symmetry of the system
is U(1)Ns−1 (we will discuss R-symmetry shortly). If some βi’s are equal the symmetry is
enhanced. We will discuss symmetries and special cases in more detail later.
Twisted masses. In the presence of flavor symmetries, it is usually possible to introduce
twisted masses by gauging the flavor symmetry and setting the associated field strength to
a constant background. As discussed, semichiral models have less flavor symmetries than
their chiral counterparts and some twisted masses are not possible. Nonetheless, due to the
enlarged gauge symmetry of the SVM one may introduce a new kind of mass parameter,
which does not require additional flavor symmetries. This is achieved by constraining one
of the field strengths in the SVM (which may be the one gauging the semichiral isometry)
not to vanish but instead to be a constant M . This can be imposed by the term
i
∫
d2θΦ (F−M) + c.c. . (3.18)
Integrating out Φ sets F = M , or V = VM with D¯+D¯−VM = M , and we can write
VL = V + p ImVM , VR = V − (2− p) ImVM , V ′ = −2 ReVM , (3.19)
where p is a real parameter, V is the usual vector multiplet, and F˜ = D¯+D−V˜ = i D¯+D−V .
This should be understood as a gauged linear sigma model with a twisted mass for semichi-
ral fields coupled to a CSVM.
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Clearly, one could instead constrain the twisted chiral field strength to a constant
F˜ = M˜ by the term
i
∫
d2θ˜ χ (F˜− M˜) + c.c. . (3.20)
Due to the R-charges of the SVM field strengths (see table 1), giving F a non-zero
VEV breaks the vector R-symmetry, but not the axial one, while giving F˜ a non-zero VEV
breaks the axial R-symmetry, but not the vector one.
If one doesn’t care about R-symmetry, one can introduce both kinds of twisted masses
simultaneously using both the Φ and χ couplings in (3.18), (3.20); this does not give rise to
a gauge coupling, as the semichiral vector multiplet is completely constrained, and can be
interpreted as a T-duality transformation that replaces the semichiral pair XL,XR with the
chiral and twisted chiral fields Φ, χ; after this T-duality, the twisted mass terms become
ordinary and twisted linear superpotential terms.
3.3 Relation to complex linear superfields
We have shown that gauge fixing the semichiral gauge invariance for a CSVM gives the
usual vector multiplet coupled to semichiral fields. Naively, this is very strange-chiral gauge
parameters cannot gauge away semichiral fields, i.e., one cannot use them go to a unitary
gauge. To understand this, instead of the partial gauge fixing of the CSVM to the usual
vector multiplet, we can keep all the fields of the CSVM; then we can choose a unitary
gauge, e.g., XL = XR = 1, and impose it in (3.10):
L = − 1
2e2
∫
d4θ
(
¯˜FF˜− F¯F
)
+
(
i
∫
d2θΦF+ c.c.
)
+
∫
d4θ
[
eQVL + e−QVR + β (e−iQV + c.c.)
]
. (3.21)
We would like to derive this directly from the effective vector multiplet coupling (3.11).
This is accomplished by shifting V in (3.11) such that
X¯LeQV XL → eQV . (3.22)
Then (3.11) can be rewritten as:
L =
∫
d4θ
[
− 1
2e2
(Σ¯ + D+D¯−Ξ)(Σ + D¯+D−Ξ¯) + eQV + e−Q(V+iΞ−iΞ¯) + β (e−iQΞ + c.c.)
]
,
(3.23)
where we defined
e−iQΞ = XRXL (3.24)
and Ξ is a complex linear superfield because D¯+D¯−(lnXR + lnXL) = 0. We now dualize Ξ
to a chiral multiplet Φ [40] by relaxing the constraint on Ξ and adding a chiral Lagrange
multiplier Φ:
L =
∫
d4θ
[
− 1
2e2
(Σ¯ + D+D¯−Ξ)(Σ + D¯+D−Ξ¯) + eQV + e−Q(V+iΞ−iΞ¯) + β (e−iQΞ + c.c.)
+ (iΦ Ξ + c.c.)
]
. (3.25)
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Figure 1. One loop diagram contributing to the R-symmetry anomaly. One insertion represents
the gauge current, the second the R-current, and fermions are running in the loop.
Finally, identifying VL = V , VR = V + iΞ− iΞ¯, V = Ξ, and using (2.15), (3.25) becomes
L =
∫
d4θ
[
− 1
2e2
¯˜FF˜+ eQVL + e−QVR + β (e−iQV + c.c.) + (iΦV+ c.c.)
]
, (3.26)
which is almost (3.21), except that the term F¯F in the SVM action does not appear in (3.26);
if we shift Φ→ Φ− i
4e2
D¯+D¯−D+D−Ξ¯ we match (3.21) exactly.
3.4 R-Symmetry
The classical R-symmetry may become anomalous at the quantum level. In semichiral
models, however, we find that the anomaly is automatically cancelled within each pair
of semichiral fields. This may not be too surprising, given that the GLSMs at hand are
continuous deformations of anomaly-free theories for chiral fields, as we show in section 4.
Nevertheless, it is instructive to see how anomaly cancellation occurs in semichiral models.
Possible R-symmetry anomalies arise from the one-loop diagram in figure 1 and are
proportional to
AV ∝
∑
fermions
γ3QG qV , AA ∝
∑
fermions
γ3QG qA , (3.27)
where γ3 is the chirality matrix, QG is the gauge charge and qV , qA are the vector and axial
R-charge, respectively.
Let us first review the usual case of chiral and twisted chiral multiplets. In a chiral
multiplet, there are two Weyl fermions (ψ+, ψ−) with chiralities γ3 : (1,−1), vector R-
charges qV : (1, 1), and axial R-charges qA : (1,−1). Thus, from (3.27) it follows that
the vector anomaly cancels automatically, but there is an axial anomaly proportional to
the gauge charge QG. On the other hand, in a twisted chiral multiplet there are two
Weyl fermions (ψ˜+, ψ˜−) with chiralities (1,−1), vector R-charges (1,−1), and axial R-
charges (1, 1). Thus, the axial anomaly cancels automatically, but there is a vector anomaly
proportional to QG. When there are several multiplets with gauge charges Qa, the condition
for anomaly cancellation in either multiplet is
∑
aQa = 0.
Semichiral fields contain various fermions, which we denote by (ψl±, χ−, η−) and
(ψr±, χ+, η+) for left and right semichiral fields, respectively (see appendix C.3 for defi-
nitions). However, they are not all propagating and therefore they do not all contribute to
the one-loop diagram in figure 1. To see which fermions contribute, consider for concrete-
ness the case of opposite charges and the CSVM with F = 0, although the final conclusion
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is independent of these choices. Reducing the action (3.10) to components, we see that the
fermionic fields η±, η¯± appear only as
L = . . .+ η+ψl+ + η−ψr− + ψ¯−l η¯− + ψ+r η¯+ − β(η+χ+ + η−χ− + η¯+χ¯+ + χ¯+η¯+) , (3.28)
which are simply Lagrange multipliers imposing χ+ =
1
βψ
l
+ and χ− =
1
βψ
r−, and similarly
for the barred components. Thus, the only fermionic fields remaining are (ψl+, ψ
l−) and
(ψr+, ψ
r−), which after simple field rescalings, have a canonical kinetic term and coupling
to the vector field. Each of these fermions have chiralities γ3 : (1,−1), vector R-charges
qV : (1, 1), and axial R-charges qA : (1,−1), but opposite gauge charges. Thus,
AV = AA = 0 . (3.29)
Anomaly cancellation can also be seen in the case of semichiral fields of equal charges;
the Lagrange multipliers η± impose a different constraint among the remaining fermions,
but the final conclusion is the same (as it should since these theories are related by a change
of coordinates). The same analysis holds for the CSVM with F˜ = 0. Thus, the R-symmetry
anomaly always cancels in the semichiral sector. If an addition to semichiral fields there
are charged chiral or twisted chiral fields, coupled to the corresponding vector multiplets,
they will give their usual contribution to the R-symmetry anomaly.
The anomalies can also be computed using the Atiyah-Singer index theorem. The two
complex structures J± induce two different decompositions of the complexified tangent
bundle [42] TMC ' T 1,0+ ⊕ T 0,1+ ' T 1,0− ⊕ T 0,1− and the conditions for anomaly cancellation
for a generalized Ka¨hler manifold are
U(1)V : c1(T
1,0
− )− c1(T 1,0+ ) = 0
U(1)A : c1(T
1,0
− ) + c1(T
1,0
+ ) = 0 .
As discussed in [42], these conditions are weaker than the Generalized Calabi-Yau condition
described by Hitchin [43] and Gualtieri [19].
4 Low energy behavior
In this section we describe the classical space of vacua of various GLSMs for semichiral
fields.
As usual, the space of classical vacua is determined by the space of zero’s of the classical
potential U , modulo gauge transformations. The structure of the moduli space in GLSMs
involving the SVM or the CSVM is very different so we analyze them separately. For
simplicity, we restrict ourselves to a U(1) gauge group.5
Instead of reducing to N = 0 components directly to compute the classical scalar
potential, it is convenient to partially reduce to N = (1, 1) superspace first; this allows an
easy comparison of the GLSMs at hand to standard GLSMs for chiral fields. We denote
5The generalization to nonabelian gauge groups in the case of the SVM is straightforward. The case of
the nonabelian CSVM will be studied elsewhere.
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the N = (1, 1) gauge covariant fermionic derivatives by D± (see appendix C.1). The
basic multiplets in N = (1, 1) SUSY are described by unconstrained bosonic and fermionic
superfields and the vector multiplet with superfield strength f . Chiral and twisted chiral
superfields both reduce to a single complex bosonic superfield and the vector multiplet
reduces to a N = (1, 1) vector multiplet f and a real bosonic superfield σ. Semichiral
multiplets XL,XR reduce to complex bosonic superfields XL, XR, and auxiliary fermionic
superfields. The SVM reduces to (f, σ1, σ2, σ3), where σI are real bosonic superfields.
4.1 SVM
Consider the action
L = LSVM + LFI + Lmatter , (4.1)
where each term is given in (2.17), (2.18) and (2.19). Reducing the Lagrangian toN = (1, 1)
superspace gives (see appendix C.1 for details)
L = LSVM +
∫
D+D−
(
1
2
(gµν + bµν)D+XµD−Xν + 2i σI(µI − rI)
)
, (4.2)
where LSVM is given in (C.17), Xµ = (XL, X¯L, XR, X¯R) and g, b are the flat-space metric
and b-field of the ungauged case (set a = b = 1, d = β in A.7):
g = 4

0 1 1β 0
1 0 0 1β
1
β 0 0 1
0 1β 1 0
 , b = 2( 2β − β)

0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0
 , (4.3)
and we have defined the generalized moment maps
µ1 ≡ X¯LXL + X¯RXR + β(XLXR + X¯LX¯R) ,
µ2 ≡ −(X¯LXL − X¯RXR) , (4.4)
µ3 ≡ − iβ
2
(
XLXR − X¯LX¯R
)
,
and rI are real FI parameters defined as r1 = 2 Re s, r2 = −2 Re t, r3 = Im(s+ t).
The Lagrangian (4.2) is not the standard way of writing the matter N = (1, 1)
Lagrangian; in [10–12] it is written in a way that makes clear the invariance of the ac-
tion under b-field transformations — see discussion below (C.23).
Further reducing to N = 0 and integrating out the auxiliary fields leads to the scalar
potential (see appendix C.2):
U = 2e2(µ1 − r1)2 + 2e2(µ2 − r2)2 + 4e2(µ3 − r3)2 + β2
(
|σ|2 + 1
β2−1 |σ˜|2
) 1
2
|X|2 , (4.5)
where |X|2 ≡ XµgµνXν , with g given in (4.3) and σ = F| and σ˜ = F˜| are the complex
scalars in the SVM.
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There are two branches: the Coulomb branch and the Higgs branch.
(a) The Coulomb branch is parametrized by the VEVs of σ and σ˜ and XL = XR = 0.
This branch exists only for r1 = r2 = r3 = 0.
(b) The Higgs branch is given by σ = σ˜ = 0, and the space of solutions to
µI = rI , I = 1, 2, 3 , (4.6)
modulo U(1) gauge transformations.
In this simple model with a single pair of semichiral fields the Higgs branch is a
point. The generalization to the multiflavor case with fields (XiL,XiR), i = 1, . . . , Ns (and
corresponding parameters βi) is straightforward, in which case the complex dimension of
the Higgs branch is 2Ns − 2. For generic values of βi the rigid symmetry of the system is
U(1)Ns−1×U(1)A×U(1)V and the geometry is generalized Ka¨hler. If some βi coincide the
rigid symmetry is enhanced. In the special case in which all βi coincide, the system has an
additional rigid SU(Ns) symmetry and the geometry becomes hyperka¨hler [9] (for Ns = 2,
it is the Eguchi-Hanson solution). Thus, these models provide continuous deformations of
hyperka¨hler geometries; we leave a detailed study of these spaces for future work.
It may also be interesting to study the geometry on the SVM Coulomb branch, as in
the case of the N = (4, 4) vector multiplet [44]. Here we focus on the geometry of the
Higgs branch.
4.2 Constrained SVM
Now we consider a GLSM for a pair of semichiral fields with opposite charges, coupled to
the CSVM with a twisted mass and FI parameter:
L = LSVM + LΦ;M + LFI + Lmatter , (4.7)
where each term is given in (2.17), (2.18), (2.19), and LΦ;M is given by (3.18). By a
shift in Φ we set s = 0 in LFI and the only FI parameter left is t ≡ 12(ξ − i θ2pi ). As
discussed below (C.18), in N = (1, 1) language, constraining the SVM corresponds to
setting σ1 = 2 ReM and σ3 = f − 4 ImM , while constraining F˜ = M˜ corresponds to
setting σ2 = 2 Re M˜ and σ3 = −f + 4 Im M˜ . Using this in (4.2) gives
L = Lgauge +
∫
D+D−
(
1
2
(gµν + bµν)D+XµD−Xν + 2i σ2(µ2 + ξ)
+ 2i (fµ3 + 2µ1ReM − 4µ3 ImM)
)
, (4.8)
where Lgauge is the action for the standard vector.
Finally, reducing to N = 0 components, and integrating out the auxiliary fields we
obtain (see appendix C.2)
U = 2e2(µ2 + ξ)
2 + β2
(
|M |2 + 1
β2−1 |σ˜|2
) 1
2
|X|2 . (4.9)
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The space of supersymmetric vacua depends on the values of the parameters ξ and M .
(a) For M 6= 0 and ξ 6= 0 supersymmetry is broken and there is no moduli space.
(b) For M 6= 0 and ξ = 0 there is only the Coulomb branch paramaterized by σ˜, and
XL = XR = 0.
(c) For M = 0 there can be two branches. The Higgs branch is given by σ˜ = 0 and the
space of solutions to
|XL|2 − |XR|2 = ξ , (4.10)
modulo gauge transformations. For ξ = 0 there is also a Coulomb branch, parametrized
by the VEV of σ˜ and XL = XR = 0.
The case of the CSVM with F˜ = M˜ is completely analogous (see appendix C.2).
From now on we will focus on the Higgs branch in (c). Setting M = 0 in (4.8) we can
rewrite the Lagrangian (up to total derivatives) as
L = Lgauge +
∫
D+D−
(
1
2
(gµν + b
′
µν)D+XµD−Xν + 2iσ2(µ2 + ξ)
)
, (4.11)
where we defined
b′ = 4β

0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0
 . (4.12)
We note that in the special limit β →∞ the metric g given in (4.3) becomes the canonical
one, the gauged WZ term b′ in (4.12) vanishes, and the Lagrangian coincides with that of
chiral fields with charges (1,−1) under U(1), gauged by the usual vector multiplet (cf. C.12).
Thus, in this limit the GLSM realizes a Ka¨hler geometry on M = {µ2 + ξ = 0}/U(1). For
finite β it realizes a generalized Ka¨hler geometry on M.
The generalization to the multiflavor case is straightforward. For Ns pairs of semichiral
fields (XiL,XiR) with charges (Qi,−Qi) and action (3.17), the Higgs branch corresponds to
solutions to
Ns∑
i=1
Qi
(|XiL|2 − |XiR|2)− ξ = 0 , (4.13)
modulo U(1) gauge transformations, a noncompact manifold of complex dimension 2Ns−1.
Since the case of opposite charges is related to the case of equal charges by a simple change of
coordinates, the moduli space is always noncompact, regardless of the charge assignments.
Topologically, (4.13) coincides with the moduli space for Nc = Ns fundamental chiral fields
with charges Qi and Nc antifundamental fields of charges −Qi, a class of examples of the
theories studied in [45]. In fact, in the special limit βi →∞ these gauge theories coincide, as
noted above. However, at finite values of βi these theories are rather different; in particular,
for generic values of βi the rigid symmetry of the system is U(1)
Ns−1 ×U(1)A ×U(1)V (in
the absence of twisted masses), as opposed to SU(Nc)× SU(Nc)×U(1)a ×U(1)A ×U(1)V
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in the chiral case. Furthermore, as we shall see in an explicit example, for generic βi
the geometry of the Higgs branch has nonzero torsion and is generalized Ka¨hler rather
than Ka¨hler.
In the case of chiral and semichiral fields coupled to the standard vector multiplet with
an action given by the sum of (3.15) and (3.17) one includes in (4.13) the usual contribution
from chiral fields:
∑
a qa|φa|2.
We note that promoting the FI parameter t to a twisted chiral field χ corresponds to
constraining both field strengths in the SVM to vanish, i.e., performing a T-duality [6, 7].
Thus, the moduli space (4.13) can also be thought of as performing a T-duality of flat
space (described in terms of semichiral fields) and taking the slice χ = t.
We may summarize as follows: the space of classical vacua of the theories at hand typ-
ically consists of a Coulomb branch and a Higgs branch. In this paper we do not discuss
the Coulomb branch further, focusing on the geometry of the Higgs branch. The classical
Higgs branch is a noncompact generalized Ka¨hler manifold whose geometric structure de-
pends on data such as the number of multiplets and their charges, and the vector multiplet
they couple to, in addition to a set of continuous parameters βi controlling the deformation
from a certain Ka¨hler geometry; see table 2 below.
4.3 The type of the target space
An important characteristic of a generalized Ka¨hler structure is its type (k+, k−), given by
(k+, k−) = (dimC ker(J+ − J−), dimC ker(J+ + J−)) . (4.14)
In terms of N = (2, 2) multiplets, k+ and k− simply count, respectively, the number of
chiral and twisted chiral fields describing the manifold; the number of semichiral fields is
given by dimC coim[J+, J−] = d− k+ − k−, with d the complex dimension of the manifold.
We now discuss the type of Higgs branch.
Consider a linear model for Ns semichiral fields and a gauged U(1) isometry. If the
isometry is gauged by the SVM, the complex dimension of the resulting Higgs branch is
2Ns − 2 and is described by Ns − 1 pairs of semichiral fields; the type is (0, 0). If instead
the isometry is gauged by the CSVM the complex dimension of the target is 2Ns − 1; in
the case F = 0 the type is (1, 0),6 and in the case F˜ = 0 the type is (0, 1). For GLSMs
involving Nc chiral fields and Ns pairs of semichiral fields coupled to the standard vector,
the complex dimension is 2Ns + Nc − 1 and the type is (Nc − 1, 0). This is summarized
in table 2.
For higher-rank gauge groups various gaugings are possible. For instance, one may
consider a GLSM with Ns pairs of semichiral fields and gauge group G = U(1)
k ×U(1)l ×
U(1)m. Gauging the first factor by the SVM, the second one by the CSVM with F = 0,
and the third one by the CSVM with F˜ = 0, leads to a target of complex dimension
6This is clear from the point of view of the CSVM; one may use the gauge parameters in the SVM to
gauge-fix one pair of semichiral fields away, at the expense of introducing the chiral Lagrange multiplier Φ.
Alternatively, in terms of the usual vector multiplet, the gauge parameter allows one to only partially gauge
away a pair of semichiral fields, leaving a complex linear superfield, which is dual to a chiral superfield
(section 3.3).
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Vector Couples to dimC Geometry Type A(R)
V XiL,XiR; Φa 2Ns +Nc − 1 def. of Ka¨hler (Nc − 1, 0)
∑
a qa
twisted V XiL,XiR;χa
′
2Ns +Ntc − 1 def. of Ka¨hler (0, Ntc − 1)
∑
a′ qa′
SVM XiL,XiR 2Ns − 2 def. of hyperka¨hler (0, 0) 0
CSVM XiL,XiR 2Ns − 1 def. of Calabi-Yau (1, 0) or (0, 1) 0
Table 2. Possible couplings of matter fields to various vector multiplets and the geometry of the
Higgs branch. Here i = 1, . . . , Ns, a = 1, . . . , Nc , a
′ = 1, . . . , Ntc. In the case of a U(1) gauge
group we give the dimension and type (at generic points) of the manifold. For generic values of the
parameters βi (or αi) the geometry is generalized Ka¨hler, but for special values it becomes Ka¨hler,
hyperka¨hler or Calabi-Yau.
2Ns−2k− l−m and type (l,m). One may also introduce charged chiral and twisted chiral
multiplets coupled to their corresponding vector multiplets.
An important aspect of generalized complex geometry is that the type is not necessarily
constant over the manifold; it may jump discontinuously on certain loci [19]. On these loci
— if they exist — a pair of semichiral fields (XL,XR) become either a pair of chiral or a
pair of twisted chiral fields (but cannot turn into a chiral and a twisted chiral field [46]).
The type of the moduli spaces given above and in table 2 refers to generic points in the
manifold, away from possible type-changing loci. We will discuss this in more detail in
section 5 in a specific example where, at least for a specific choice of parameters, there are
no type-changing loci. A study of whether type-changing loci exist or not in these models
in general is an interesting question which we leave for future work.
Comment on RG flow. An important question is what are the quantum corrections
to the moduli space geometry. In particular, in the undeformed case it is well known that
if the R-symmetry anomaly cancels the gauge theory flows in the deep IR to a NLSM
on a toric Calabi-Yau. It would be interesting to study the deep IR behavior of the
deformed theories, which we do not discuss here. Theorems in supergravity [47–49] forbid
the existence of compact Generalized Calabi-Yau manifolds with a non-zero H-flux. The
theories we have discussed here avoid this no-go theorem by being noncompact. The
conditions for conformal invariance of the NLSM at the quantum level, and the relation to
the generalized Calabi-Yau condition of Hitchin [43], is discussed in [50–52].
5 An example: the conifold with torsion
Consider two pairs of semichiral fields (X1L,X1R,X2L,X2R) with charges (1,−1, 1,−1), respec-
tively. The action we consider is
L = − 1
2e2
∫
d4θ
(
¯˜FF˜− F¯F
)
+
∫
d4θ
∑
i=1,2
[
X¯iLeVLXiL + X¯iRe−VRXiR + βi (XiLe−iVXiR + c.c.)
]
+
(
i
∫
d2θΦF+ c.c.
)
+
(
i t
∫
d2θ˜ F˜+ c.c.
)
. (5.1)
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As discussed, the low-energy dynamics on the Higgs branch is given by a NLSM on∣∣X1L∣∣2 + ∣∣X2L∣∣2 − ∣∣X1R∣∣2 − ∣∣X2R∣∣2 = ξ , (5.2)
modulo U(1) gauge transformations. Topologically, this space coincides with the well-
known resolved conifold [53], which admits a Calabi-Yau metric [54] with SU(2) ×
SU(2)×U(1) symmetry and can be realized as a GLSM for chiral fields with charges
(1, 1,−1,−1) [55]. The realization by the new GLSM (5.1) leads to a two-parameter family
of generalized Ka¨hler structures on the space. For generic β1,2 the flavor symmetry of the
system is broken to U(1), which is enhanced to SU(2) in the special case β1 = β2. To
obtain the generalized Ka¨hler potential describing this space we integrate out the CSVM
in superspace. For simplicity we will set now β1 = β2 ≡ β and t = 0. In the limit e → ∞
the equations of motion read:
X¯iLeVLXiL − X¯iRe−VRXiR = 0 ,
X¯iLeVLXiL + X¯iRe−VRXiR + β (XiLe−iVXiR + c.c.) = 2 Re Φ ,
iβ
2
(XiLe−iVXiR − c.c.) = −Im Φ .
Solving these equations for the vector multiplet and evaluating the action (5.1) gives the
generalized Ka¨hler potential. In terms of the gauge-invariant combinations
XL =
X1L
X2L
, XR =
X1R
X2R
, (5.3)
(which are good target coordinates in the patch X2L,X2R 6= 0) and the Lagrange multiplier
Φ, the generalized potential reads:
KUV = −1
2
Φ logF − 1
2
Φ¯ log F¯ , (5.4)
where F = F (Φ, Φ¯;XL, X¯L,XR, X¯R) is given by
F =
2β2Φ|1 + XLXR|2 − (1 + |XL|2)(1 + |XR|2)(Φ− Φ¯)−
√
(1 + |XL|2)(1 + |XR|2)G
4β(1 + XLXR)(−(1 + |XL|2)(1 + |XR|2) + β2|1 + XLXR|2)
and
G =
√
(1 + |XL|2)(1 + |XR|2)(Φ− Φ¯)2 + 4β2|Φ|2|1 + XLXR|2 . (5.5)
The subscript ‘UV’ in (5.4) is a reminder that although this is a description at low
energies compared to the scale set by the gauge coupling constant e, it is still at high energies
from the point of view of the NLSM; this NLSM is not conformal and will flow under RG.
Using the formulas in appendix A one can compute (g,H, J±) explicitly from (5.4), but
the full expressions are lengthy and not particularly enlightening. We emphasize that the
H-field is non-zero:
HUV =
dφ ∧ dXL ∧ dX¯L
β2 (1 + |XL|2)2
− dφ ∧ dXR ∧ dX¯R
β2 (1 + |XR|2)2
+ c.c.+O(β−3) .
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As expected, in the special limit β →∞ the H-field vanishes, both complex structures J±
become the canonical ones, and the geometry becomes Ka¨hler. For finite β the space is
generalized Ka¨hler, as ensured by N = (2, 2) SUSY.
As mentioned, the generalized potential (5.4) does not describe a conformal model and
will flow nontrivially under RG. In the case β → ∞ the endpoint of the flow is a NLSM
on a Calabi-Yau; it would be interesting to study possible RG fixed points for finite β.
One approach to investigate this question would be to study solutions to the generalized
Monge-Ampe`re equation [52]. The specific case of one pair of semichiral fields and one
chiral field, as here, is of particular interest for supergravity and was studied in [50]. We
leave this for future work.
One may also consider a GLSM for a single pair of semichiral fields and two chiral fields
(XL,XR; Φ1,Φ2) with U(1) charges (1,−1; 1,−1), respectively, gauged by the standard
vector multiplet V . This model realizes a family of generalized Ka¨hler structures on the
conifold with type (1, 0) and U(1)2 isometry; this model is discussed in more detail in [38].
Type-change analysis. In the current example, at generic points on the manifold the
type is (k+, k−) = (1, 0). To investigate the possibility of type change we study the eigen-
values of 12(J+ − J−) and 12(J+ + J−). These are given by {0,±iλ} and {±i,±iλ˜}, respec-
tively, with λ, λ˜ given in (A.8), (A.9). Interestingly, for the potential (5.4) we find that the
eigenvalues are constant over the manifold:
λ =
1
β
, λ˜ =
√
1− 1
β2
. (5.6)
Thus, there are no type-change loci in this coordinate patch. For β → ∞ the manifold is
described at every point by chiral fields. The eigenvalues (5.6) are unmodified by turning
on an FI parameter t 6= 0, but are no longer constant when β1 6= β2. We leave a careful
study of the general case for future work.
6 Discussion and outlook
In this paper we have described N = (2, 2) GLSMs that arise from coupling chiral, twisted
chiral, and semichiral fields to various N = (2, 2) vector multiplets. These include the
standard vector and twisted vector multiplets, the SVM, and a new kind of gauge multiplet
which we call the CSVM. The GLSMs depend on a set of continuous parameters βi that
control, among other couplings, a gauged b-field term. For special values of the parameters
these become standard GLSMs realizing Ka¨hler manifolds, but for generic values they are
non-Ka¨hler deformations. The deformation preserves R-symmetry at the quantum level,
but typically breaks some rigid isometries.
An interesting class of models arises from coupling semichiral fields to the CSVM.
These are deformations of GLSMs for chiral fields containing an equal number of funda-
mental and antifundamental fields, realizing NLSMs on noncompact Calabi-Yau manifolds.
As a specific example we have discussed a GLSM realizing a two-parameter family of gener-
alized Ka¨hler structures on the conifold, with only a U(1) isometry for generic value of the
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parameters. In the case in which the isometry is enhanced to an SU(2) we have shown that
there are no type-changing loci. It would be interesting to study whether type-changing
loci are present in these models generically. This is relevant [42, 56] to the study of nonper-
turbative corrections in the topologically twisted version of NLSMs with H-flux [42] (see
also [57–59]). In the present context this issue is discussed in more detail in [38].
Another interesting class of theories arises from coupling to the SVM; as discussed these
lead to deformations of hyperka¨hler manifolds and will be analyzed in more detail elsewhere.
There are various open questions. Regarding the new CSVM our discussion has been
restricted to U(1)k gauge theories, but it may be interesting to study possible constraints on
the nonabelian SVM as well. Even in the Abelian case there are important open questions,
most importantly the deep IR behavior of these NLSMs. One may also study the T-dual
description of these gauge theories including nonperturbative aspects, along the lines of [60,
61]. An understanding of this could shed light on mirror symmetry in a generalized context.
Finally, it would be interesting to formulate this method for constructing generalized Ka¨hler
manifolds as a quotient in the context of generalized Ka¨hler geometry.
One may also consider GLSMs with torsion without introducing semichiral fields, by
coupling chiral and twisted chiral fields to the Large Vector Multiplet (LVM); these can
realize compact manifolds and will be studied elsewhere.
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A Target space geometry
Here we give relevant formulas for computing the metric, b-field, and complex structures
from the generalized Ka¨hler potential (for a review and details see [23]). The action for a
N = (2, 2) NLSM is given by
L =
∫
d4θK(Φ, Φ¯;χ, χ¯;XL, X¯L,XR, X¯R) , (A.1)
where Φ, χ,XL,XR denote chiral, twisted chiral, and left and right semichiral fields, respec-
tively, and d4θ is the Grassmann measure. The function K is known as the generalized
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Ka¨hler potential and apart from obeying mild conditions for the metric to be positive def-
inite, it is otherwise arbitrary. The metric, b-field, and complex structures are completely
determined by this function. Defining E = 12(g +B) one has
ELL = CLLK
−1
LRJsKRL
ELR = JsKLRJs + CLLK
−1
LRCRR
ELc = KLc + JsKLcJc + CLLK
−1
LRCRc
ELt = −KLt − JsKLtJt + CLLK−1LRARt
ERL = −KRLJsK−1LRJsKRL
ERR = −KRLJsK−1LRCRR
ERc = KRc −KRLJsK−1LRCRc
ERt = −KRt −KRLJsK−1LRARt (A.2)
EcL = CcLK
−1
LRJsKRL
EcR = JcKcRJs + CcLK
−1
LRCRR
Ecc = Kcc + JcKccJc + CcLK
−1
LRCRc
Ect = −Kct − JcKctJt + CcLK−1LRARt
EtL = CtLK
−1
LRJsKRL
EtR = JtKtRJs + CtLK
−1
LRCRR
Etc = Ktc + JtKtcJc + CtLK
1
LRCRc
Ett = −Ktt − JtKttJt + CtLK−1LRARt
where A, C, and K are matrices whose entries are second derivatives of the generalized
potential and c, t, s denote chiral, twisted chiral and semichiral directions, respectively. For
instance
KLR ≡
(
∂2K
∂XL∂XR
∂2K
∂XL∂X¯R
∂2K
∂X¯L∂XR
∂2K
∂X¯L∂X¯R
)
, (A.3)
and similarly for KRc, etc, and
A ≡
(
2iK 0
0 −2iK
)
, C ≡
(
0 2iK
−2iK 0
)
, (A.4)
where K is the matrix of second derivatives defined above.
The complex structures read [23, 62]
J+ =

Js 0 0 0
K−1RLCLL K
−1
RLJsKLR K
−1
RLCLc K
−1
RLCLt
0 0 Jc 0
0 0 0 Jt
 ,
J− =

K−1LRJsKRL K
−1
LRCRR K
−1
LRCRc K
−1
LRARt
0 Js 0 0
0 0 Jc 0
0 0 0 −Jt
 , (A.5)
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where Jc,t,s are canonical complex structures of the form diag(i,−i) of the appropriate
dimension.
Flat space. Setting c = 0 in the flat-space Lagrangian (2.6) (and making a phase redef-
inition to make d real), in the basis Xµ = (XL, X¯L, XR, X¯R) one has
J+ =

i 0 0 0
0 −i 0 0
0 2iad i 0
−2iad 0 0 −i
 , J− =

i 0 0 2ibd
0 −i −2ibd 0
0 0 i 0
0 0 0 −i
 , (A.6)
and
g = 4

0 a abd 0
a 0 0 abd
ab
d 0 0 b
0 abd b 0
 , b = 2(2ab−d2)d

0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0
 . (A.7)
Type-change. To study the phenomenon of type-change one may compute the eigenval-
ues of J+ ± J−. For concreteness we consider here a generalized potential K that depends
on a single chiral field and a pair of semichiral fields. Thus, at generic points in the man-
ifold the type is (k+, k−) = (1, 0). From (A.5) it is easy to see that the eigenvalues of
1
2(J+ − J−) are {0,±iλ}, each of multiplicity two, and
λ =
√
|Kl¯r|2 −Krr¯Kll¯
|Kl¯r|2 − |Klr|2
. (A.8)
The eigenvalues of 12(J+ + J−) are {±i,±iλ˜}, each of multiplicity two, and
λ˜ =
√
|Klr|2 −Krr¯Kll¯
|Klr|2 − |Kl¯r|2
. (A.9)
We note the relation λ2 + λ˜2 = 1. On the locus λ = 0 the type jumps to (k+, k−) = (3, 0),
where the manifold is locally described by three chiral fields, and on the locus λ˜ = 0 the
type jumps to (k+, k−) = (1, 2), where it is locally described by one chiral field and two
twisted chiral fields. Whether these loci exist or not depends on the specific potential K.
B Gauging and N = (2, 2) vector multiplets
In this and the next appendix we review some basic elements of standard and novel N =
(2, 2) vector mutiplets. We mostly follow [5, 8, 23].
Vector and twisted vector multiplet. The standard vector multiplet V transforms
under gauge transformations as
eV → eiΛ¯ eV e−iΛ . (B.1)
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It is convenient to introduce gauge-covariant superderivatives ∇±, ∇¯±. In the case of the
standard vector multiplet these satisfy
{∇±, ∇¯±} = 2iD±± , Σ = i {∇¯+,∇−} , (B.2)
where D±± is the spacetime gauge-covariant derivative, Σ is a twisted chiral field strength,
and all other anticommutators vanish.
Gauge-covariant derivatives can be expressed in terms of the superderivatives D±, D¯±.
There are different representations, depending on the matter fields they act on. In chiral
representation, for instance, all objects transform with a chiral gauge parameter; if a chiral
field transform as
Φ→ eiΛ Φ , Φ¯→ Φ¯ e−iΛ¯ , (B.3)
one defines the fields Φˆ = Φ and
¯ˆ
Φ = Φ¯eV , with gauge transformations Φˆ→ eiΛΦˆ and ¯ˆΦ→
¯ˆ
Φe−iΛ. These fields are chiral (antichiral) with respect to the gauge-covariant derivatives:
∇¯±Φˆ = ∇± ¯ˆΦ = 0, where
∇¯± = D¯± , ∇± = e−V D±eV , (B.4)
and transform as
∇¯± → eiΛ∇¯±e−iΛ , ∇± → eiΛ∇±e−iΛ . (B.5)
In the Abelian case Σ = i {∇¯+,∇−} = iD¯+D−V .
Gauge-invariant actions for matter fields are written as∫
d4θ Φ¯eV Φ =
∫
d4θ
¯ˆ
ΦΦˆ =
(
∇+∇−∇¯+∇¯− ( ¯ˆΦΦˆ)
) ∣∣∣ , (B.6)
where | means setting θ± = θ¯± = 0.
The twisted vector multiplet V˜ transforms under gauge transformations as
eV˜ → ei ¯˜Λ eV˜ e−iΛ˜ . (B.7)
Gauge-covariant derivatives satisfy
{∇±, ∇¯±} = 2iD±± , Θ = i {∇¯+, ∇¯−} , (B.8)
where Θ is a chiral field strength and all other anticommutators vanish. As above, one can
construct gauge-covariant derivatives in the corresponding representation.
Semichiral vector multiplet. The semichiral vector multiplet [8] consists of (VL, VR,
V, V˜), where VL,R are real and V, V˜ are complex. These transform as
eVL → eiΛ¯L eVLe−iΛL
eVR → eiΛ¯R eVRe−iΛR
eiV → eiΛL eiVe−iΛR
eiV˜ → eiΛL eiV˜e−iΛ¯R ,
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and satisfy the gauge-covariant constraints
ei
¯˜V = eVLeiV , eiV¯ = eVLeiVe−VR . (B.9)
Gauge-covariant derivatives satisfy:
{∇±, ∇¯±} = 2iD±± , F˜ = i {∇¯+,∇−} , F = i {∇¯+, ∇¯−} , (B.10)
where F˜ and F are twisted chiral and chiral, respectively, and all other anticommutators
vanish.
In left semichiral representation all objects transform with a left semichiral parameter
ΛL. One defines
XˆL = XL
¯ˆXL = X¯L eVL
XˆR = eiVXR (B.11)
¯ˆXR = X¯R e−iV˜ ;
all these transform with a left semichiral parameter under gauge transformations. Gauge-
covariant derivatives are given by
∇¯+ = D¯+
∇+ = e−VLD+eVL
∇¯− = eiVD¯−e−iV (B.12)
∇− = eiV˜D−e−iV˜ .
Of course, one could also consider a right semichiral representation, etc.
The hatted fields are semichiral with respect to gauge-covariant derivatives: ∇¯+XˆL =
∇¯−XˆR = ∇+ ¯ˆXL = ∇− ¯ˆXR = 0. Gauge-invariant actions for matter fields are written
as, e.g., ∫
d4θ
(
¯ˆXLXˆL +
¯ˆXRXˆR + β(XˆLXˆR +
¯ˆXR
¯ˆXL)
)
. (B.13)
In the Abelian case, F˜ ≡ D¯+D−V˜ and F ≡ D¯+D¯−V and
− 1
2
V ′ ≡ Re V˜ = ReV , Im (V˜− V) = VR , Im (V˜+ V) = VL . (B.14)
Thus, one may write
V =
1
2
(−V ′ + i(VL − VR)) , V˜ = 1
2
(−V ′ + i(VL + VR)) , (B.15)
where V ′ transforms under gauge transformations as δV ′ = (ΛR+Λ¯R−ΛL− Λ¯L). In terms
of these, the FI terms (2.18) read
LFI = −
∫
d4θ
(
Re(s+ t)VL − Re(s− t)VR − Im(s+ t)V ′
)
. (B.16)
The combination Im(s−t) is a theta parameter and couples to the field strength F01, which
should be added to (B.16).
– 26 –
J
H
E
P
0
9
(
2
0
1
5
)
2
0
7
C Reduction to components
C.1 Reduction to N = (1, 1)
As reviewed in appendix B in the presence of gauge fields it is convenient to work in
the covariant approach. In what follows, we always work with gauge-covariant derivatives
∇±, ∇¯± and the appropriate matter fields satisfying gauge-covariant SUSY constraints (in
this section we drop the ‘hat’ symbol in the matter fields to avoid cluttering the notation).
To reduce to N = (1, 1) superspace, one writes
∇± = 1
2
(D± − iQ±) , ∇¯± = 1
2
(D± + iQ±) , (C.1)
where D± are N = (1, 1) gauge-covariant fermionic derivatives and Q± are the gauge-
covariant generators of the non-manifest supersymmetry. The fermionic derivatives satisfy
{D±,D±} = iD±± , {D+,D−} = f , (C.2)
where D±± is the gauge-covariant space derivative and f is the N = (1, 1) field strength.
D-terms are reduced from N = (2, 2) superspace by writing∫
d4θK =
∫
D+D− (Q+Q−K)
∣∣∣ , (C.3)
where | means setting θ¯± − θ± = 0 and F-terms reduce trivially by∫
d2 θW(Φ) +
∫
d2θ˜ W˜(χ) =
∫
D+D−
(
W(φ) + W˜(χ)
)
. (C.4)
Standard vector multiplets. The usualN = (2, 2) vector multiplet V transforms under
gauge transformations as δgV = i(Λ¯−Λ). The gauge-invariant field strength is defined by
Σ = i{∇¯+,∇−} and is twisted chiral. The reduction to N = (1, 1) is given by
Σ| = 1
2
(σ + if) , (C.5)
where σ is a real bosonic superfield and f is defined in (C.2). The non-manifest SUSY
acts by
{Q+,D−} = −σ, {Q−,D+} = σ , (C.6)
and obeys the algebra
{Q+,Q−} = f . (C.7)
Similarly, for the twisted vector multiplet V˜ transforms with a twisted chiral gauge
parameter: δgV˜ = i(
¯˜Λ−Λ˜). The gauge-invariant field strength is defined by Θ = i{∇¯+, ∇¯−}
and is chiral. The reduction to N = (1, 1) is given by
Θ| = 1
2
(σ′ + if) , (C.8)
where σ′ is a bosonic superfield, where now:
{Q+,D−} = −σ′, {Q−,D+} = −σ′ , {Q+,Q−} = −f . (C.9)
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Chiral and twisted chiral matter fields. Chiral fields Φ and twisted chiral fields χ
are defined by
∇¯+Φ = ∇¯−Φ = ∇¯+χ = ∇−χ = 0 . (C.10)
In N = (1, 1) superspace, chiral and twisted chiral fields both reduce to an unconstrained
complex bosonic multiplet; what distinguishes them is their transformation under the non-
manifest supersymmetry generated by Q±, which follows from (C.10) and (C.1):
Q±φ = iD±φ , Q±χ = ±iD±χ , (C.11)
where φ, χ denote the obvious projections.
Using the formulae above, the kinetic action for a chiral field coupled to the usual
vector reads ∫
d4θ Φ¯Φ = 2
∫
D+D−
(D+φD−φ¯+D+φ¯D−φ− iφ¯ d φ) , (C.12)
and for a twisted chiral field coupled to the twisted vector
−
∫
d4θ χ¯χ = 2
∫
D+D−
(D+χD−χ¯+D+χ¯D−χ− iχ¯ d′ χ) . (C.13)
SVM. There are two gauge-invariant field strengths in the SVM: F = i{∇¯+, ∇¯−} and
F˜ = i{∇¯+,∇−}. In terms of N = (1, 1) fields, the SVM consists of three real bosonic
superfields7 σI and the vector multiplet f . These are defined by [5]
σ1 =
(
F+ F¯
) ∣∣ , σ2 = (F˜+ ¯˜F) ∣∣ , σ3 = i(F− F¯− F˜+ ¯˜F) ∣∣ ,
f = −i
(
F− F¯+ F˜− ¯˜F
) ∣∣ . (C.14)
Equivalently,
F
∣∣ = 1
2
(
σ1 +
i
2
(f − σ3)
)
, F˜
∣∣ = 1
2
(
σ2 +
i
2
(f + σ3)
)
. (C.15)
The non-manifest SUSY obeys
{Q+,D−} = −(σ1 + σ2),
{D+,Q−} = −(σ1 − σ2) , (C.16)
{Q+,Q−} = σ3 .
The reduction of the kinetic action (2.17) gives (in the Abelian case) [8]
LSVM = 1
2e2
∫
D+D−
(
1
2
D+fD−f +D+σ1D−σ1 +D+σ2D−σ2 + 1
2
D+σ3D−σ3
)
. (C.17)
7These fields were previously denoted dI in references [5, 8].
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CSVM and twisted masses. The reduction of the twisted mass constraint (3.18) gives:
Lφ = i
2
∫
D+D−
[
φ (σ1 − 2 ReM + i (f − σ3 − 4 ImM))
]
+ c.c. . (C.18)
Thus, in N = (1, 1) language the CSVM with F = M corresponds to setting σ1 = 2 ReM
and σ3 = f − 4 ImM , while constraining F˜ = M˜ corresponds to setting σ2 = 2 Re M˜ and
σ3 = −f + 4 Im M˜ (this also follows directly from C.15).
Semichiral fields. Left and right semichiral field are defined by
∇¯+XL = ∇¯−XR = 0 . (C.19)
From (C.1), it follows that
Q+XL = iD+XL , Q−XR = iD−XR . (C.20)
The action ofQ− (Q+) onXL (XR) is undetermined and is simply defined as an independent
fermionic multiplet Ψ− (Ψ+). Thus, in N = (1, 1) language semichiral multiplets consist
of a bosonic and fermionic multiplet:
XL = XL
∣∣ , Ψ− = Q−XL∣∣ , X¯L = XL∣∣ , Ψ¯− = Q−X¯L∣∣ ,
XR = XR
∣∣ , Ψ+ = Q+XR∣∣ , X¯R = XR∣∣ , Ψ¯+ = Q+X¯R∣∣ . (C.21)
Actions such as (2.19) are reduced as
Lmatter =
∫
D+D−
[
Q+Q−
(
X¯LXL + X¯RXR + β (XLXR + c.c.)
) ]∣∣∣ .
Using the formulae above and integrating out the auxiliary superfields Ψ± gives
Lmatter =
∫
D+D−
(
1
2
(gµν + bµν)D+XµD−Xν + 2i σIµI
)
, (C.22)
where g, b are the flat-space metric and b-field of the ungauged case (set a = b = 1, d = β
in A.7) and
µ1 ≡ X¯LXL + X¯RXR + β(XLXR + X¯LX¯R) ,
µ2 ≡ −(X¯LXL − X¯RXR) , (C.23)
µ3 ≡ − iβ
2
(
XLXR − X¯LX¯R
)
.
This is not the standard way of writing the matter N = (1, 1) Lagrangian; in [10–12], it is
written in a way that makes clear the invariance of the action under b-field transformations
δb = dλ for an arbitrary 1-form λ. If we write the gauge transformations of the matter
fields as δXµ = ξµ where Xµ = {XL, X¯L, XR, X¯R} and ξµ = iQ{XL,−X¯L,−XR, X¯R} for
semichiral matter fields with charge ±Q, then we can rewrite (C.22) as
Lmatter = L1 + L2 ,
L1 =
∫
D+D−
(
1
2
gµνD+XµD−Xν + 2i σIµI
)
, (C.24)
L2 =
∫
D+D−
(
1
2
[bµνD+X
µD−Xν − (Γ+D−Xµ + Γ−D+Xµ)(bµνξν)]
)
, (C.25)
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where D±Xµ = D±Xµ − Γ±ξµ. The first term in (C.25) is just the ungauged one and
behaves as expected under b-transformations. The second term can be rewritten as
−
∫
D+D−
1
2
(Γ+D−Xµ + Γ−D+Xµ)αµ , (C.26)
where αµ is defined by ιξ(db) ≡ dα, ιξα = 0, which is not changed by a b-transformation.
In our case
αµ = ∂µ
(
1
2
bρνX
ρξν
)
∝ ∂µ
(
2iQ(−XLXR + X¯LX¯R)
)
. (C.27)
Couplings to the CSVM. In the case of the CSVM, we need to impose the con-
straint (C.18); this modifies the N = (1, 1) action, leaving only one moment map coupling.
As discussed in [12] the one-form α must satisfy
gJ±ξ ∓ J t±α = dµ , ιξα = 0 , (C.28)
for the model to admit N = (2, 2) supersymmetry. In our case these are satisfied automat-
ically with αµ = b
′
µνξ
ν and µ = 4µ2.
C.2 Reduction to N = 0 and the scalar potential
In a NLSM, reduction to N = (1, 1) is sufficient to study geometric data such as the metric,
b-field, or complex structures. However, to compute the scalar potential in a GLSM one
must reduce to N = 0 components. The reduction of a bosonic N = (1, 1) superfield to
N = 0 components is given by8
X = X
∣∣∣ , ψ± = D±X∣∣∣ , g = D+D−X∣∣∣ ,
X¯ = X¯
∣∣∣ , ψ¯± = D±X¯∣∣∣ , g¯ = D+D−X¯∣∣∣ .
Here | means setting the remaining N = (1, 1) Grassmann variables to zero.
To compute the scalar potential, we further reduce (C.22) to N = 0 components and
integrate out the remaining auxiliary fields. We denote the lowest scalars of F and F˜ by
σ and σ˜, respectively, the auxiliary scalars by DI = D+D−σI | and the auxiliary scalars
in the semichiral multiplet by gL,R = D+D−XL,R|. Integrating out gL,R we obtain the
relevant terms
L = − 1
2e2
(
D21 +D
2
2 +
1
2
D23
)
− β2
(
|σ|2 + 1
β2−1 |σ˜|2
) 1
2
|X|2
+ 2i
(
X¯LD1XL − X¯RD1XR − βXLD1XR + βX¯LD1X¯R
)
− 2i (X¯LD2XL + X¯RD2XR)
− β(XLD3XR + X¯LD3X¯R) + . . . (C.29)
where |X|2 > 0 is contracted with the flat-space metric g in (4.3) and the ellipses represent
kinetic and fermionic terms that do not contribute to the scalar potential.
8To avoid introducing new notation here we denote the N = (1, 1) multiplet and its lowest component
by the same symbol; it should be clear from the context what is meant.
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For the unconstrained SVM one must integrate out all DI , finally leading to the scalar
potential
U = 2e2(µ1 − r1)2 + 2e2(µ2 − r2)2 + 4e2(µ3 − r3)2 + β2
(
|σ|2 + 1
β2−1 |σ˜|2
) 1
2
|X|2 , (C.30)
where the functions µI are defined in (C.23).
For the constrained SVM with F = M one must set D1 = D3 = 0 and σ = M in (C.29).
Integrating out D2 gives
U = 2e2(µ2 − r2)2 + β2
(
|M |2 + 1
β2−1 |σ˜|2
) 1
2
|X|2 . (C.31)
Similarly, the scalar potential for the constrained SVM with F˜ = M˜ is obtained by setting
D2 = D3 = 0 and σ˜ = M˜ in (C.29), leading to the scalar potential
U˜ = 2e2(µ1 − r1)2 + β2
(
|σ|2 + 1
β2−1 |M˜ |2
) 1
2
|X|2 . (C.32)
It is easy to see that the moduli space in the case F = M and F˜ = M˜ coincide. For
example, the equation µ1 = r1 can be written as:
1
2
(β + 1)|XL + X¯R|2 − 1
2
(β − 1)|XL − X¯R|2 = r1 . (C.33)
Assuming β > 1 the space of solutions to this equation coincides with the space of solutions
to µ2 = r2.
For completeness, we give the potential in the case of equal charges and a CSVM with
F = M :
U = 2e2(µ′2 − r2)2 + α2
(
1
(α2−1) |M |2 + |σ˜|2
) 1
2
|X|2 ,
where |X|2 is contracted with the corresponding flat-space metric and µ′2 = X¯LXL +
X¯RXR + α(X¯LXR + c.c.).
C.3 Components of semichiral multiplets
We denote the N = 0 components of a left semichiral multiplet by (XL, FL,M−+, ψl±, χ¯l−,
η¯l−,M−−) and their conjugates, and for right semichiral multiplet by (XR, FR,M+−, ψr±, χ¯r+,
η¯r+,M++) and their conjugates. These are defined by
XL = XL
∣∣ , ψl± = D±XL∣∣ , FL = D+D−XL∣∣ ,
X¯L = X¯L
∣∣ , ψ¯l± = D¯±X¯L∣∣ , F¯L = D¯+D¯−X¯L∣∣ , (C.34)
χ¯l− = D¯−XL
∣∣ , M−+ = D+D¯−XL∣∣ , M−− = D−D¯−XL∣∣ , η¯l− = D+D−D¯−XL∣∣ ,
χl− = D−X¯L
∣∣ , M¯−+ = D¯+D−X¯L∣∣ , M¯−− = D¯−D−X¯L∣∣ , ηl− = D¯+D¯−D−X¯L∣∣ ,
and
XR = XR
∣∣ , ψr± = D±XR∣∣ , FR = D+D−XR∣∣ ,
X¯R = X¯R
∣∣ , ψ¯r± = D¯±X¯R∣∣ , F¯R = D¯+D¯−X¯R∣∣ , (C.35)
χ¯r+ = D¯+XR
∣∣ , M+− = D−D¯+XR∣∣ , M++ = D+D¯+XR∣∣ , η¯r+ = D+D−D¯+XR∣∣ ,
χr+ = D+X¯R
∣∣ , M¯+− = D¯−D+X¯R∣∣ , M¯++ = D¯+D+X¯R∣∣ , ηr+ = D¯+D¯−D+X¯R∣∣ .
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Setting χ = M = η = 0 in either of these multiplets reduces the field content to the off-shell
content of a chiral multiplet. With appropriate identifications, it also contains the field
content of the twisted chiral multiplet.
When the fields are coupled to a certain vector multiplet, one defines the ‘hatted’ fields
(as discussed in appendix B) and the component fields are defined by using gauge-covariant
derivatives.
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
References
[1] S.J. Gates Jr., C.M. Hull and M. Rocˇek, Twisted Multiplets and New Supersymmetric
Nonlinear σ-models, Nucl. Phys. B 248 (1984) 157 [INSPIRE].
[2] E. Witten, Phases of N = 2 theories in two-dimensions, Nucl. Phys. B 403 (1993) 159
[hep-th/9301042] [INSPIRE].
[3] W. Merrell, L.A. Pando Zayas and D. Vaman, Gauged (2,2) σ-models and Generalized
Ka¨hler Geometry, JHEP 12 (2007) 039 [hep-th/0610116] [INSPIRE].
[4] A. Adams, M. Ernebjerg and J.M. Lapan, Linear models for flux vacua, Adv. Theor. Math.
Phys. 12 (2008) 817 [hep-th/0611084] [INSPIRE].
[5] U. Lindstro¨m, M. Rocˇek, I. Ryb, R. von Unge and M. Zabzine, New N = (2,2) vector
multiplets, JHEP 08 (2007) 008 [arXiv:0705.3201] [INSPIRE].
[6] W. Merrell and D. Vaman, T-duality, quotients and generalized Ka¨hler geometry, Phys. Lett.
B 665 (2008) 401 [arXiv:0707.1697] [INSPIRE].
[7] U. Lindstro¨m, M. Rocˇek, I. Ryb, R. von Unge and M. Zabzine, T-duality and Generalized
Ka¨hler Geometry, JHEP 02 (2008) 056 [arXiv:0707.1696] [INSPIRE].
[8] U. Lindstro¨m, M. Rocˇek, I. Ryb, R. von Unge and M. Zabzine, Nonabelian Generalized
Gauge Multiplets, JHEP 02 (2009) 020 [arXiv:0808.1535] [INSPIRE].
[9] P.M. Crichigno, The Semi-Chiral Quotient, HyperKa¨hler Manifolds and T-duality, JHEP 10
(2012) 046 [arXiv:1112.1952] [INSPIRE].
[10] C.M. Hull and B.J. Spence, The Gauged Nonlinear σ Model With Wess-Zumino Term, Phys.
Lett. B 232 (1989) 204 [INSPIRE].
[11] I. Jack, D.R.T. Jones, N. Mohammedi and H. Osborn, Gauging the General σ Model With a
Wess-Zumino Term, Nucl. Phys. B 332 (1990) 359 [INSPIRE].
[12] A. Kapustin and A. Tomasiello, The General (2,2) gauged σ-model with three-form flux,
JHEP 11 (2007) 053 [hep-th/0610210] [INSPIRE].
[13] A. Adams and D. Guarrera, Heterotic Flux Vacua from Hybrid Linear Models,
arXiv:0902.4440 [INSPIRE].
[14] C. Quigley and S. Sethi, Linear σ-models with Torsion, JHEP 11 (2011) 034
[arXiv:1107.0714] [INSPIRE].
– 32 –
J
H
E
P
0
9
(
2
0
1
5
)
2
0
7
[15] M. Blaszczyk, S. Groot Nibbelink and F. Ruehle, Green-Schwarz Mechanism in Heterotic
(2,0) Gauged Linear σ-models: Torsion and NS5 Branes, JHEP 08 (2011) 083
[arXiv:1107.0320] [INSPIRE].
[16] A. Adams, E. Dyer and J. Lee, GLSMs for non-Ka¨hler Geometries, JHEP 01 (2013) 044
[arXiv:1206.5815] [INSPIRE].
[17] C. Quigley, S. Sethi and M. Stern, Novel Branches of (0,2) Theories, JHEP 09 (2012) 064
[arXiv:1206.3228] [INSPIRE].
[18] I.V. Melnikov, C. Quigley, S. Sethi and M. Stern, Target Spaces from Chiral Gauge Theories,
JHEP 02 (2013) 111 [arXiv:1212.1212] [INSPIRE].
[19] M. Gualtieri, Generalized complex geometry, math.DG/0401221.
[20] M. Gualtieri, Generalized Ka¨hler geometry, arXiv:1007.3485 [INSPIRE].
[21] M. Zabzine, Lectures on Generalized Complex Geometry and Supersymmetry, Archivum
Math. 42 (2006) 119 [hep-th/0605148] [INSPIRE].
[22] P. Koerber, Lectures on Generalized Complex Geometry for Physicists, Fortsch. Phys. 59
(2011) 169 [arXiv:1006.1536] [INSPIRE].
[23] U. Lindstro¨m, M. Rocˇek, R. von Unge and M. Zabzine, Generalized Ka¨hler manifolds and
off-shell supersymmetry, Commun. Math. Phys. 269 (2007) 833 [hep-th/0512164] [INSPIRE].
[24] I.T. Ivanov, B.-b. Kim and M. Rocˇek, Complex structures, duality and WZW models in
extended superspace, Phys. Lett. B 343 (1995) 133 [hep-th/9406063] [INSPIRE].
[25] S. Lyakhovich and M. Zabzine, Poisson geometry of σ-models with extended supersymmetry,
Phys. Lett. B 548 (2002) 243 [hep-th/0210043] [INSPIRE].
[26] T. Buscher, U. Lindstro¨m and M. Rocˇek, New Supersymmetric σ Models With Wess-Zumino
Terms, Phys. Lett. B 202 (1988) 94 [INSPIRE].
[27] I. Ryb, The Large Vector Multiplet Action, arXiv:0710.3208 [INSPIRE].
[28] M. Dyckmanns, A twistor sphere of generalized Ka¨hler potentials on hyperKa¨hler manifolds,
arXiv:1111.3893 [INSPIRE].
[29] E. Witten, Topological σ-models, Commun. Math. Phys. 118 (1988) 411 [INSPIRE].
[30] E. Witten, Mirror manifolds and topological field theory, hep-th/9112056 [INSPIRE].
[31] V. Pestun, Localization of gauge theory on a four-sphere and supersymmetric Wilson loops,
Commun. Math. Phys. 313 (2012) 71 [arXiv:0712.2824] [INSPIRE].
[32] F. Benini and S. Cremonesi, Partition Functions of N = (2, 2) Gauge Theories on S2 and
Vortices, Commun. Math. Phys. 334 (2015) 1483 [arXiv:1206.2356] [INSPIRE].
[33] N. Doroud, J. Gomis, B. Le Floch and S. Lee, Exact Results in D = 2 Supersymmetric
Gauge Theories, JHEP 05 (2013) 093 [arXiv:1206.2606] [INSPIRE].
[34] H. Jockers, V. Kumar, J.M. Lapan, D.R. Morrison and M. Romo, Two-Sphere Partition
Functions and Gromov-Witten Invariants, Commun. Math. Phys. 325 (2014) 1139
[arXiv:1208.6244] [INSPIRE].
[35] J. Gomis and S. Lee, Exact Ka¨hler Potential from Gauge Theory and Mirror Symmetry,
JHEP 04 (2013) 019 [arXiv:1210.6022] [INSPIRE].
– 33 –
J
H
E
P
0
9
(
2
0
1
5
)
2
0
7
[36] D.S. Park and J. Song, The Seiberg-Witten Ka¨hler Potential as a Two-Sphere Partition
Function, JHEP 01 (2013) 142 [arXiv:1211.0019] [INSPIRE].
[37] N. Doroud and J. Gomis, Gauge theory dynamics and Ka¨hler potential for Calabi-Yau
complex moduli, JHEP 12 (2013) 99 [arXiv:1309.2305] [INSPIRE].
[38] F. Benini, P.M. Crichigno, D. Jain and J. Nian, Semichiral Fields on S2 and Generalized
Ka¨hler Geometry, arXiv:1505.06207 [INSPIRE].
[39] S.J. Gates Jr. and W. Siegel, Variant superfield representations, Nucl. Phys. B 187 (1981)
389 [INSPIRE].
[40] S.J. Gates, M.T. Grisaru, M. Rocˇek and W. Siegel, Superspace Or One Thousand and One
Lessons in Supersymmetry, Front. Phys. 58 (1983) 1 [hep-th/0108200] [INSPIRE].
[41] M.T. Grisaru, M. Massar, A. Sevrin and J. Troost, Some aspects of N=(2,2), D = 2
supersymmetry, Fortsch. Phys. 47 (1999) 301 [hep-th/9801080] [INSPIRE].
[42] A. Kapustin and Y. Li, Topological σ-models with H-flux and twisted generalized complex
manifolds, Adv. Theor. Math. Phys. 11 (2007) [hep-th/0407249] [INSPIRE].
[43] N. Hitchin, Generalized Calabi-Yau manifolds, Quart. J. Math. 54 (2003) 281
[math/0209099] [INSPIRE].
[44] D.-E. Diaconescu and N. Seiberg, The Coulomb branch of (4,4) supersymmetric field theories
in two-dimensions, JHEP 07 (1997) 001 [hep-th/9707158] [INSPIRE].
[45] A. Hanany and K. Hori, Branes and N = 2 theories in two-dimensions, Nucl. Phys. B 513
(1998) 119 [hep-th/9707192] [INSPIRE].
[46] S. Gindi, Representation Theory of the Algebra Generated By a Pair of Complex Structures,
arXiv:0804.3621.
[47] J.M. Maldacena and C. Nu´n˜ez, Supergravity description of field theories on curved manifolds
and a no go theorem, Int. J. Mod. Phys. A 16 (2001) 822 [hep-th/0007018] [INSPIRE].
[48] S. Ivanov and G. Papadopoulos, A no go theorem for string warped compactifications, Phys.
Lett. B 497 (2001) 309 [hep-th/0008232] [INSPIRE].
[49] S.B. Giddings, S. Kachru and J. Polchinski, Hierarchies from fluxes in string
compactifications, Phys. Rev. D 66 (2002) 106006 [hep-th/0105097] [INSPIRE].
[50] N. Halmagyi and A. Tomasiello, Generalized Ka¨hler Potentials from Supergravity, Commun.
Math. Phys. 291 (2009) 1 [arXiv:0708.1032] [INSPIRE].
[51] M.T. Grisaru, M. Massar, A. Sevrin and J. Troost, The Quantum geometry of N=(2,2)
nonlinear σ-models, Phys. Lett. B 412 (1997) 53 [hep-th/9706218] [INSPIRE].
[52] C.M. Hull, U. Lindstro¨m, M. Rocˇek, R. von Unge and M. Zabzine, Generalized Calabi-Yau
metric and Generalized Monge-Ampere equation, JHEP 08 (2010) 060 [arXiv:1005.5658]
[INSPIRE].
[53] P. Candelas and X.C. de la Ossa, Comments on Conifolds, Nucl. Phys. B 342 (1990) 246
[INSPIRE].
[54] L.A. Pando Zayas and A.A. Tseytlin, 3-branes on resolved conifold, JHEP 11 (2000) 028
[hep-th/0010088] [INSPIRE].
[55] I.R. Klebanov and E. Witten, Superconformal field theory on three-branes at a Calabi-Yau
singularity, Nucl. Phys. B 536 (1998) 199 [hep-th/9807080] [INSPIRE].
– 34 –
J
H
E
P
0
9
(
2
0
1
5
)
2
0
7
[56] A. Kapustin, Topological strings on noncommutative manifolds, Int. J. Geom. Meth. Mod.
Phys. 1 (2004) 49 [hep-th/0310057] [INSPIRE].
[57] A. Bredthauer, U. Lindstro¨m, J. Persson and M. Zabzine, Generalized Ka¨hler geometry from
supersymmetric σ-models, Lett. Math. Phys. 77 (2006) 291 [hep-th/0603130] [INSPIRE].
[58] R. Zucchini, The BiHermitian topological σ-model, JHEP 12 (2006) 039 [hep-th/0608145]
[INSPIRE].
[59] W.-y. Chuang, Topological twisted σ-model with H-flux revisited, J. Phys. A 41 (2008)
115402 [hep-th/0608119] [INSPIRE].
[60] K. Hori and C. Vafa, Mirror symmetry, hep-th/0002222 [INSPIRE].
[61] D.R. Morrison and M.R. Plesser, Towards mirror symmetry as duality for two-dimensional
abelian gauge theories, Nucl. Phys. Proc. Suppl. 46 (1996) 177 [hep-th/9508107] [INSPIRE].
[62] J. Bogaerts, A. Sevrin, S. van der Loo and S. Van Gils, Properties of semichiral superfields,
Nucl. Phys. B 562 (1999) 277 [hep-th/9905141] [INSPIRE].
– 35 –
